Chapter 10. Stochastic differential equations

Case I,(t): As I, is a continuous local martingale with I;(0) = 0 it follows from the
martingale property and that T,, reduces I, that [E[I,(t A T,,)] = 0.

Case I;(t): Using that ¢,/ (x) = ,(|x]) < %p(|x|)’2 and the assumption |o(x) — o (y)| <
p(lx —yl) we get
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Putting all the pieces together we see that

]E[(Pn(At/\Tm)] = IE[Il(lL A Tm)] + ]E[IZ(t A Tm)] + 1E[13(t A Tm)]
< IE“Il(t A Tm)” + 1E[|I3(t A Tm)”
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Setting g(t) = E[|A;x 1, [] we find using Fatou’s Lemma that

8(t) = E[|Ar, rrl] < iminfE[¢,,(AsnT,, )]
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We have that g(f) is non-negative and finite since
g(t) = IE[lATm/\t” = IE[lX’%’m/\t _X’]z"m/\tl] < Zm < 0o.

As g is also continuous and satisfies g(t) < K,,, Iot g(s)ds it follows from Gronwall’s
Inequality that g(t) = 0 for all ¢ > 0. This implies that A, 7, = 0 almost surely for
t >0, and by letting m go to infinity it follows that A, = 0, that is, X} = X7. ]

10.26 - Remarks.
(A) A function f : R — Ris said to be Holder continuous of order « € (0, 1] if there
exists a K > 0 such that

Fx) = f@)l<lx—yp|* forall x,p € R.
(B) If a =1 then f is Lipschitz continuous with Lipschitz constant 1.

(C) If o is Holder continuous of order a > % then (i) in Theorem 10.25 is satisfied
with p(x) = x%, as

&€ &
j p(u)f2 du = f u2%du = 00 for every € > 0.
0 0

(D) The function x  |x|* for a > % is Holder continuous of order a.

(E) We cannot put the same mild restriction on b. For example if a <1 and 0 =0
and b(x) = |x|* A 1 then it is Holder continuous of order a as we see, using
Exercise 10.2, that

|b(x) = b@) < [Id" ~ | A1 < [x—ypI".
By Exercise 10.4 pathwise uniqueness does not hold for the SDE(S). O
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10.3 - Weak Solutions

10.3 - Weak Solutions

Consider the space (C,B(C)), that is, the space of continuous functions f : R, — R?
equipped with the Borel-algebra B(C). Let (X;) be a continuous process, we show in
Exercise 9.4 that the mapping Oy : Q — C given by w — X .(w) is F-B(C)-measurable.
This means the distribution of the process (X;), thatis, Px = Iljoq)il is a well-defined
measure on (C, B(C)). Note that Py is decided by the values on the intersection stable
generating set A = {ét_ll(Al) N---N ét_nl(An) |neN,A; € B(RY),0<t; <---<t,} where
& C - RY is the projection &;(w) = w(t). For n e N, A; € B(RY),0<t <---<t, we
see that

Px (& (A NN EHA) =P((&, 0 Dx) ™ (A1) NN (&, 0Dx) T (A,))  (10.13)
=P(X; €Ay,.... X, €A,) (10.14)

that is, IPy is characterized by the finite-dimensional distributions of (X;,,..., X;, ) for
0<ty <---<t, for n € N. In particular one sees that all standard Brownian motions
have the same distribution. One refers to this measure as the Wiener measure on the
path space. Note that (&;) is a standard Brownian motion when (C, 3(C)) is equipped
with the Wiener measure and the filtration 7 = 0(&; |s < t)*. Furthermore we ob-
serve that if two continuous processes are modifications then they have identical
distribution. We have the following definition.

10.27 - Definition. We say that there is uniqueness in distribution in the SDE(§) if
for all x € R? and all solutions to the SDE(S) (X;, B;, /) on (Q,F,P) and (X/, B}, 7/)
on (Q/, F’,IP’) such that P(Xy = x) = IP’(X; = x) = 1 we have Px = P}.,.

10.28 - Example. This is an example where we show that pathwise uniqueness does
not hold but uniqueness in distribution does. Letd =m =1, b = 0 and ¢ = sign. We
have shown in Example 10.10 that pathwise uniqueness does not hold in this case.
LetxeRand X; =x+ Jot sign(X;)dBs and set Y; = X; —x = fot sign(X;)dBs. Then (Y;)
is a continuous local martingale with Yy, = 0 and

t t
(Y), :J sign(X;)%ds :J lds=t, (t>0)
0 0
implying that (Y;) is a Brownian motion by Lévy’s Theorem. If (X/, B;, %,) is another
solution, then defining Y, = X; — x we obtain

Py, =P, =P,y =Py,

x+Y’

as (Y/) is a Brownian motion and the distribution of a Brownian motion is unique, cf.
Lemma A.27(i). O

One might wonder about the relation between uniqueness in distribution and path-
wise uniqueness of the SDE(§), but uniqueness in distribution concerns solutions
defined on different probability spaces and as such it is not immediately clear that
pathwise uniqueness is actually the strongest, but this is proven in the next theorem
and its proof is based on regular conditional distribution and distributions of pro-
cesses on path spaces. The reader is therefore encouraged to consult Appendix A.4
and A.6.

* For more information look at Section A.4, specifically Lemma A.27.
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